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Introduction

P ROBLEMS concerningthe designof transonicairfoil shapes to
satisfy desired aerodynamic behavior fall into two categories,

namely, constrained and unconstrained design optimization prob-
lems. An example of an unconstrained design problem is the in-
verse problem of determining the airfoil shape that will support a
speci� ed (target) airfoil surface pressure distribution. This shape
is determined by minimizing the discrepancy between the target
and the evolving airfoil surface pressure distributioncorresponding
to the designed airfoil. Advances in computational � uid dynam-
ics (CFD) techniques for solving the Navier–Stokes equations have
strong implications for their use in evaluating objective functions.

One signi� cant implication is the coupling of these techniques
with appropriate numerical optimization algorithms to develop ef-
� cient and robust computational methods for the optimum design
of � uid machinery and aerodynamic components as outlined by
Labrujere and Slooff.1

The present study is focused on the application of parallel simu-
lated annealing (PSA) for inverse aerodynamic design of transonic
airfoil shapes in which a compressibleNavier–Stokes � ow solver is
used to evaluate the objective function. Simulated annealing (SA)
is a stochastic global optimization method that has been shown to
be a useful tool for complex nonlinear optimization problems and
that has been applied to a variety of problems. Aly et al.2 have
applied it for the design of an optimal aerodynamic shape of an
axisymmetric forebody for minimum drag, where SA is used as the
outer optimization loop and the � ow solver is used to evaluate the
objective function. SA has the advantage of yielding a global min-
imum and of overcoming the limitations of deterministic gradient-
based search methods, such as that by Eyi et al.,3 which have a
tendency of getting trapped in local minima. A major drawback
of SA is the extensive computational resources required to carry
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out the large number of evaluations of the objective function. Re-
cently, Wang and Damodaran4 have shown that a parallel version
of the SA algorithm can signi� cantly reduce the number of design
iterations per processor and the wall-clock time. In this work, this
aspect of PSA is explored for inverse design of transonic airfoil
shapes.

Formulation of Design Optimization
The inverse design process is initiated by de� ning design vari-

ables controlling the airfoil shape. This is achieved by an approxi-
mate representation of the airfoil shape that will evolve during the
design cycle. To maintain control over the size of the design space,
a baseline airfoil is � rst chosen, and the steady � ow� eld around it
for a speci� c Mach number and angle of attack is computed to start
the design cycle iterations. The airfoil shape is updated by adding
a smooth perturbation1yk.x/, de� ned as a linear combination of a
family of smooth curves over the range 0 < x < 1 as follows:

1yk.x/ D
KX

k D 1

±k fk.x/ (1)

where x is the normalized chordwise position of the coordinates
de� ning the airfoil contour and ±k are the design variables that will
change during the design iterations. K is the number of basis func-
tions fk .x/, which can either be patched polynomials or Hicks and
Henne or Wagner functions, and so on, as outlined by Eyi et al.,3

where the impactof thechoiceof thesefunctionson the overall aero-
dynamicdesigneffort hasbeen assessed.The impact of the choiceof
these functions on inverse design using SA has been studied and re-
ported by Lee.5 Because the focus of this study is on the application
of PSA for inverse design problems and not on the impact of basis
functions,Wagner functions,which havebeenused in the sensitivity
analysis from the point of view of gradient-based shape design by
Eyi and Lee,6 have been used for this study. Small side constraints
to address the impact of nonlinearitiesof transonic � ow, as well as
to restrict the geometrical shape changes, are imposed so that the
general shape that evolves during the design iteration will not lead
to feasible shapes, which may cause the � ow algorithm to fail. The
leading edge and the trailing edges are � xed at the origin, a chord
length away from the origin, respectively,along the x axis. This ap-
proach is taken to representthe airfoil shapeand to restrictthe design
space, the size of which can be as large as the number of grid points
de� ning the airfoil surface. For inverse design problems, a typical
objective function J .X / to be minimized is de� ned as follows:

J .X/ D

"
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m D 1

¡
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¡ Cpbm
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1Sm

,
MX

m D 1

1Sm

# 1
2

(2)

where Cptm
is the pressure distribution of the target airfoil that is

being sought, Cpbm
is the pressure distribution of the designed air-

foil that evolves after each design iteration,1Sm is the length of the
airfoil surface element, and the summation is done for M coordinate
points de� ning the airfoil contour.

CFD Analysis for Evaluating Objective Function
The � ow analysis module used to evaluate the objective function

is based on the � nite volume formulation of the unsteady Navier–
Stokes equationsfor two-dimensionalviscous � ow. A cell-centered
structuredgrid is used to discretize the physical domain into a large
number of quadrilateralcells. The integral form of the conservation
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laws is applied separately to each cell and results in a system of or-
dinary differential equations supplemented with adaptive arti� cial
dissipationterms, which are a blendof secondand fourthdifferences
in the � ow variables and explicitly added for shock-capturing and
numerical stabilitypurposes.The equationsare advancedfrom a set
of initial conditions to steady-state solutions for the desired � ow
conditions by a multistage time-stepping scheme. Several conver-
gence acceleration strategies, such as local time stepping, implicit
residual smoothing, and multigrid strategies, are used to accelerate
the computation of steady-state solutions. Characteristic boundary
conditions are imposed at the far-� eld boundaries, while a no-slip
condition is imposedon the airfoil surface,which is also assumed to
be adiabatic.A simple algebraicturbulencemodel is used to address
the turbulence closure. Speci� c details of the � ow algorithm used
as the CFD analysis tool for computing the objective function can
be found in work by Jameson et al.7 and Martinelli et al.8

SA Algorithm and Parallel Implementation
SA is a concise optimization algorithm that is based on Monte

Carlo techniques.It starts with a high temperature,which is lowered
via temperature reduction factor, and a new sequence of moves is
generated.The cycle is repeateduntil the design vector convergesto
the optimum value. The basic SA consists of several tuning parame-
ters that can be adjustedto improvetheperformanceof theoptimiza-
tion method. Additional tuning parameters can be manipulated to
boost the ef� ciency of the SA as outlined by Lee and Damodaran.9

The PSA is implemented by dividing a Markov main chain into
subchains on multiple processors.The divisions algorithm of Aarts
and Korst10 uses a control parallelism strategy to implement PSA
by dividing the effort of generating a Markov main chain used in
sequentialSA into p subchainswith the same length, where p is the
number of processors. Each processor works on the subchain and
continues the generation of the subsequent subchain. Before up-
dating the temperature at iteration level k C 1 from iteration level k
usingan algebraiccoolingscheduleof the form T k C 1 D ° T k (where
° is the annealingparameter that lies in the range from 0.05 to 0.3 in
this study), a new subchain is obtainedby choosingthe best solution
from the processors.The algorithm is further enhanced by incorpo-
rating the clusteredmethod outlinedby Bhandarkarand Machaka,11

which functions ef� ciently in the lower temperature regions of the
annealing process. When the acceptance ratio, that is, the ratio of

Fig. 1 Convergence of objective function vs number of design iterations incurred on each processor for shape design using PSA implemented on
various combinations of multiple processors.

the number of the accepted moves to the number of all of the search
moves, is lower than a certain value (range of value chosen in this
study is 0.4–0.6), the values of the objective function are gathered
at the end of each search step, and the solution is chosen randomly
from the accepted cost functions. Speci� c details of the implemen-
tationof PSA on an SGI Origin 2000 parallelcomputercan be found
by Wang and Damodaran.4

Results and Discussion
Computational results are presented and discussed for the prob-

lem of inverse design of transonic airfoils. In this section, the � ow-
� eld and objective functions are computed on a body-conforming
C grid around the airfoil consisting of 256 £ 64 cells. The number
of cells on the airfoil surface is � ve-eighths of the number of cells
along the wraparound direction of the grid around the airfoil. The
airfoil shape is parameterized using 14 basis functions, 7 of which
de� ne the upper surface of the airfoil and the remaining 7 de� ne
the lower surface of the airfoil, therebycreating a design space with
14 design variables for the parametric representation of the airfoil
shape. The design variablesare varied during the steps of the design
cycle to estimate the perturbations in the design variables that will
minimize the objective function and that enable the modi� cation of
the airfoil contour, as well as the computational grid. CFD analy-
sis is used to calculate the airfoil surface pressure distribution for
the baseline airfoil shape, as well as each subsequent shape of the
designed airfoil. The perturbationson the airfoil surface as a result
of the design iteration are used to alter the computational grid by
shearing out the disturbances to the grid points between the airfoil
surface and the far-� eld boundary. During each design cycle, the
� ow solution corresponding to the previous design � ow analysis
is used as the initial condition to reduce computational time for
evaluating the objective function using CFD.

To demonstrate the application of stochastic optimization meth-
ods for inverse design of transonicairfoils, the target pressuredistri-
bution that is the desirablegoal of the design is chosen to correspond
with thepressuredistributionarounda RoyalAircraftEstablishment
RAE 2822(targetairfoil) immersedin transonic� ow at a Mach num-
ber 0.730, with an angle of attack of 2.78 deg and Reynolds number
6.5EC06. To initiate the design process to seek the airfoil shape that
will correspond to the target pressure distribution, an initial guess
for the shape of the baseline airfoil correspondingto a NACA-0012
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a)

b)

Fig. 2 Convergence of a) optimal design shape of airfoil from initial
shape to target airfoil shape and b) optimalairfoil surface pressure from
initial to target airfoil surface pressure vs design iterations incurred on
each processor for shape design using PSA implemented on various
combinations of multiple processors.

airfoil at the same � ow conditions is made. The convergence crite-
rion for the PSA optimizationis set at a � xed value, and as the objec-
tive functionreduces to 0.006,theprocess is terminated,and the � nal
design variables are taken as the optimized results for the inverse
design. The value of the objective function based on the baseline
airfoil is 0.11420.The objective function reducedto a valueof 0.006
in about 2500 iterationson a single processor.PSA is invokedon an
SGI Origin 2000 system using a message passing interface (MPI)
library to further reduce the number of objective function evalua-
tions (or wall-clocktime) on the multipleprocessors.Figure1 shows
the variation of the objective function with the number of function
evaluations on different combinations of processors (only results
from processor number zero are given). Figure 2a shows the
evolution of the airfoil shape from the initial guess to the � nal
design (corresponding to the case of implementing PSA on eight
processors) by comparing the evolving airfoil shapes at the end of
100, 200, 300, and 400 design iterations with the target (designed)
and initial airfoil shape. The corresponding evolution of the airfoil
surface pressure coef� cient C p distribution at the speci� ed design
iteration levels is shown in Fig. 2b. Note that the number of func-
tion evaluations is reduced from 2521 to 1681 when 2 processors
are used, to 824 when 4 processors are used, to 561 when 8 pro-
cessors are used, to 448 when 16 processors are used, and to 421

when 24 processorsare used. The correspondingspeedupsbased on
this number of function evaluations are 1.5, 3.0, 4.5, 5.6, and 6.0,
respectively,and this is almost linear.

Grid-dependencestudies can be quite prohibitive for this class of
problems, and a limited attempt has been made by Lee,5 who used
a coarse grid of 128 £ 48 cells. Finer grids resolve the computed
� ow features such as the shock structure better than coarser grids.
The convergence of the objective function follows identical trends
shown in Fig. 1 except that the cost of the computational analysis
per design iteration on the � ner grid is increased to about � ve times
more than that on the coarse grid on a single processor. This can
be signi� cantly reduced by using a high-resolution CFD solver to
preserve the accuracy of the numerical results even on coarse grids
and by parallelizing the CFD solver. Details of the convergence
characteristics of PSA and numerical accuracy have also been ad-
dressedin relatedaerodynamicshapedesignproblemsby Wang and
Damodaran.4 The applicationof a gradient-basedmethod based on
the least-squaresminimization as outlined in Eyi and Lee12 for the
same problemwas implementedand took about 150 functionevalu-
ations to reduce the objectivefunctionto the same level of reduction.

Conclusions
The design methodology developed in this work demonstrates

that coupling a stochastic optimization method such as SA,
especially its parallel implementation, with a compressible � ow
solverfor the Navier–Stokesequationsis a feasibleapproachand can
be effectivelyapplied for the design of transonic airfoil shapes. Fu-
tureworkwill explorethe applicationof this approachto constrained
aerodynamicdesignproblemsin whichoptimalaerodynamicshapes
are sought for minimizing drag or maximizing lift-to-drag ratio or
multipoint airfoil design. It will also be applied to inverse shape
design problems with a more arbitrarily chosen target pressure dis-
tribution (instead of the one used in this study), which in general
may not be physically realizable. In this way, the ability of the PSA
algorithmto home in on theglobalminimawheremultiplelocalmin-
ima are present can be investigated,and the advantagesof PSA over
gradient-basedmethods,whichmay get trappedin localminima, can
be fully demonstrated.BecausePSA is a stochasticalgorithmwhose
ef� ciency depends on the various tuning parameters and the prob-
lem, futurework will also focuson studyingthe reliabilityof PSA by
extracting the statistics from the executionof PSA over a number of
times and then assessing the percentage that gave the minima. The
computationof inversedesignusingPSA demonstratesthat it can be
applied to airfoil design optimization ef� ciently on coarse-grained
multiprocessorcomputer.PSA can also be easily implemented from
its serial SA code on parallel computers using an MPI library. This
work sets the foundation for applying more ef� cient � ow analysis
and high-performance parallel computing to reduce the computa-
tional time for developing ef� cient global optimization algorithms.
These algorithms can be coupled with nonlinear CFD solvers for
optimizing more complex design optimization problems.
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I. Introduction

T HE matching of a viscous boundary-layer calculation with a
inviscid � ow� eld solution is not without its dif� culties. It is

well known that when the pressure gradient is prescribed, the wall
shear stress approaches zero in a singular fashion at separation,
which invariably gives rise to problems on numerical convergence
there.1 This is particularly true for an inviscid shear layer near the
edge of the boundary layer. Traditional boundary-layer methods
neglect this layer, and even when it is considered, it is assumed that
the � ow� eldpropertiesapproachthe inviscidvaluesat theboundary-
layeredgewith a zero slope.This assumptionis particularlypoor for
lower Reynolds numbers and at separation approaching where the
boundary layer is thickening. If the boundary-layer solution does
not match the inviscid solution well, then surface properties such
as skin-frictionand heat transfer rates are not calculated accurately.
Therefore, this Note develops a new method for better matching
inviscid–boundary-layer� ow� elds.

II. New Boundary-Layer Model
The traditionalmethod of calculating the boundary-layerproper-

ties assumes a distinct hierarchy between the viscous and inviscid
� ow� elds.That is, an inviscid � ow� eld is � rst calculatedneglecting
the boundary layer, and the inviscid properties on the body surface
are subsequentlyused as edge conditionsfor the boundary-layerso-
lutions.However, for the boundary layers in adversepressuregradi-
ents, a shear layer exists near the surface in the inviscidsolution,and
the inviscid properties at the edge of the boundary layer can be sig-
ni� cantly different from those on the surface. For these � ow� elds,
the boundary-layer solution will yield more accurate results if the
inviscid properties at a distance from the surface are used as edge
conditions. In this case, although some boundary-layer methods,
take into account the inviscid shear layer, they assume the � ow� eld
properties approach the inviscid values at the boundary-layer edge
with a zero slope (Fig. 1a).

The method presented here uses a new form of the boundary-
layer equations that matches exactly all of the properties except the
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a) Classical methods b) Present method

Fig. 1 Inviscid and boundary-layer solution matching.

normal velocity component (Fig. 1b). The normal velocity can also
be matched by means of a usual iterative process.2

To illustratethe operationof this proceduremore clearly,we con-
sider the speci� c case of steady, two-dimensional, incompressible,
laminar � ow. The inviscid equations for this case are as follows.

The continuity equation:

@U

@x
C @V

@x
D 0 (1)

The x-momentum equation:

U
@U

@x
C V

@U

@y
D ¡

1

½

@ P

@x
(2)

The y-momentum equation:

U
@V

@x
C V

@V

@y
D ¡ 1

½

@ P

@y
(3)

They are subjected to the boundary conditions

y D 0; V .x; 0/ D 0 (4)

y ! 1; U 2 C V 2 D U 2
1 C V 2

1 (5)

Also, the viscous � ow� eld is describedby the followingclassical
boundary-layerequations.

The continuity equation:

@u

@x
C

@v

@x
D 0 (6)

The x-momentum equation:

u
@u

@x
C v

@u

@y
¡ º

@2u

@y2
D ¡ 1

½

@ P

@x
(7)

The y-momentum equation:

0 D ¡ 1

½

@ P

@y
(8)

These have the boundary conditions

y D 0; u.x; 0/ D v.x; 0/ D 0 (9)

y ! 1; u D U .x; 0/ D Uw (10)

The mathematical dif� culties of the problem are associated pri-
marily with the mixed elliptic and parabolic types of the equations
and the presenceof strong interactionsat separation.In this context,
note that if the boundary-layersolution u cannot match exactly the
inviscidsolutionU (that is, both in magnitudeand slope) at the outer
boundary, then a smooth solution is not possible at separation. An
appropriate solution to separation requires the proper matching of
the boundary-layersolution with the inviscid solution, that is,

u D U .x; y/; v D V .x; y/ for y ¸ ± (11)

The boundary conditions given by Eq. (11) will match exactly the
boundary-layer � ow� eld with the inviscid � ow� eld, as shown in
Fig. 1b. Now, because @v=@y is the highest y derivative on v, the
boundary conditions imposed on v given by Eqs. (9) and (11) are
overspeci�ed, and this enables the solution of an additional un-
known. That unknown introduced here is the inviscid transpiration


